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A un iversa l  equation is der ived for  a t rans ien t  l aminar  boundary layer  in an i n c o m p r e s -  
s ible  fluid and is solved by numer ica l  in tegrat ion for ce r t a in  values  of the chosen 
par  ame te r  s. 

The Loi tsyanski i  method [1-3] with a "universa l  n equation of a l aminar  boundary layer  offers  c e r -  
tain definite advantages over  other approx imate  methods and can also be applied to a t rans ien t  flow. A 
r e p l a c e m e n t  of both the longitudinal and the t ime coordinate by a sequence of p a r a m e t e r s  r ep resen t ing  the 
effect  of ve loci ty  var ia t ions  in the outer  s t r e a m  and ,  in in tegra l  form,  the flow his tory  in the boundary 
layer  will make it poss ible  to in tegra te  the universa l  equation once in advance for  all cases .  The r e su l t s  of 
this in tegrat ion alone are  of in te res t ,  because  they revea l  var ious  t rends  in the development  of a t rans ient  
boundary layer  and, f u r t h e r m o r e ,  they yield a se t  of prof i les  which can be used for solving specif ic  p rob-  
l ems  with given veloci ty  d is t r ibut ions  U(x, t) at the outer  edge of the boundary layer .  

We will note that Duric  [4] has extended the Loi tsyanski i  method to der ive  a un iversa l  equation for  
a t rans ien t  boundary layer  and solved it  by an expansion in s e r i e s .  This  equation is valid only under the a s -  
sumption,  however ,  that the veloci ty  at the outer  edge of the boundary layer  U(x, t) can be exp re s sed  as 
the product  of two functions: a function of the longitudinal coordinate  only and a function of t ime only. In 
our case  there  is no such r e s t r i c t i o n  and the quantity U (x, t) can be any analytic function of both the longi-  
tudinal coordinate  and t ime.  

1. We wri te  the equation of a two-dimensional  t r ans ien t  l amina r  boundary layer  in an incompress ib l e  
fluid as follows: 

034 4 to4 O~ 0 4  02r �9 034 . . . .  U + U U '  + v (1) 
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with the boundary conditions; 

4 = 0 r  = 0  
Oy 

,-U (x, t) 
Oy 

at  y = O, 

at y -+ c~, 

04 - u l ( x , y )  at t = t o ,  0 4  - U o ( t ,  y) at x = x o .  (2) 
Oy Oy 

Here  x, y, t a re  the longitudinal coordinate ,  the t r a n s v e r s e  coordinate ,  and t ime,  r espec t ive ly ;  U(x, 
t) is the veloci ty  at the outer  edge of the boundary layer ;  v is the k inemat ic  v iscos i ty ;  and r y, t) is a flow 
fnnction which, as usual,  sa t i s f i es  the equali t ies  

0r 
u =  ap , v = - -  (3) 

Oy Ox 
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A p r i m e  and a dot  above  a s y m b o l  wi l l  denote  a p a r t i a l  d e r i v a t i v e  wi th  r e s p e c t  to x and t, r e s p e c -  
t i ve ly .  

The  l a s t  r o w  of b o u n d a r y  cond i t ions  in  (2) s i g n i f i e s  tha t  the s o l u t i o n  to Eq.  (1) i s  sough t  fo r  t > t o and 
x > x0, unde r  the a s s u m p t i o n  t ha t  the f low func t ion  r i s  known o v e r  the e n t i r e  b o u n d a r y  l a y e r  at the i n s t a n t  
t = t o and a l s o  a c r o s s  the t r a n s v e r s e  s e c t i o n  at x = x 0 d u r i n g  a l l  t i m e s  t. At  t = t o the  f low func t ion  ~ can  
be  e x p r e s s e d  in  v a r i o u s  w a y s ,  depend ing  on the f low mode  at  a g i v e n  i n s t a n t  of t i m e .  

We now i n t r o d u c e  new v a r i a b l e s  

By B~ (x, y, t) 
x = x ;  t = ~ ;  ~ l = - - - - ;  ~p(x, T I, t) = , (4) 

h (x, t) U (x, t),~ (x, t) 

w h e r e  h(x, t) i s  s o m e  c h a r a c t e r i s t i c  l i n e a r  s c a l e  func t ion  for  the t r a n s v e r s e  c o o r d i n a t e  in  the b o u n d a r y  
l a y e r  and B i s  the n o r m a l i z i n g  c o o r d i n a t e .  

In th i s  c a s e  d i f f e r e n t i a t i o n  wi th  r e s p e c t  to the old c o o r d i n a t e s  x, y, t i s  r e p l a c e d  by  the  fo l lowing  
d i f f e r e n t i a t i o n :  

o _ ( o )  o o__n Oh ( o )  h' o 
+ o h  Ox= - n  T 

- * gq " 5 ; "  ot = - q - Y "  ' 

o B a o 2 B 2 0 2 a 3 B 3 0 3 

Oy h Oq ag 2 h 2 Oq 2 ; h 3 (5) Oy ~ Oq 3 

W i t h  the  aid of (4) and (5), l e t t i ng  z = h 2 / v ,  we r e d u c e  Eq. (1) to the fo l lowing  f o r m :  

an 3 aq~ \ a,1 J + 1 4- 1 - ~ § - - 2 -  ~ - -  Oq~ 

Z O 2 ( P z O 2 ( p + ( O ( p 0 2 (  p O~ 02(p ) 
+ T q  aq.~ ~ U z  �9 _ _ .  = 0  ax Oq 2 Oq axoq 

(6) 

wi th  the  b o u n d a r y  cond i t i ons  

OqD 
r ----- ----- 0 at  q = O, 

on 

0q0 
" +  1 a t  ~l ~ ~ .  (7) 

0q 

The  b o u n d a r y  cond i t ions  in  the l a s t  r o w  of (2) can  be  used  f u r t h e r  w h e n e v e r  a s p e c i f i c  p r o b l e m  i s  to 
be so lved ;  t hey  should  be o m i t t e d  in  the  d e r i v a t i o n  of the  u n i v e r s a l  equa t ion .  

2. Wi th  the  m u l t i p a r a m e t e r  s e t  of v e l o c i t y  p r o f i l e s  a c r o s s  s e c t i o n s  of the b o u n d a r y  l a y e r  g iven  as  

u =  u 
(q, f~n), where k = 0, I, 2 . . . . .  n = 0, 1, 2 . . . . .  

o r ,  f o r  the f low func t ion  

1 
= - -  Uheo On, f k . )  

B 

and wi th  func t ion  U(x, t) a s s u m e d  ana ly t i c ,  we i n t r o d u c e  a s y s t e m  of p a r a m e t e r s  

fkn = Uk--1 ok+rt--'--~V zk+n (k = O, 1, 2 . . . .  ; n = O, l, 2 . . . .  ), 
Oxk Ot n 

F r o m  e x p r e s s i o n  (9) fo l lows  

(s) 

(9) 

0 
f l o = U ' z ;  f o l=  U z. (lo) 
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This chosen p a r a m e t e r  s t r u c t u r e  conveys,  on the one hand, the effect  of veloci ty  var ia t ions  (with 
t ime and along the x coordinate) in the outer  s t r e a m  and, on the other hand, the flow h is to ry  in the boundary 
l ayer  exp re s sed  in in tegra l  fo rm.  Fo r  an a r b i t r a r y  function U(x, t) each of the p a r a m e t e r s  will act as the 
independent va r i ab le  in lieu of x and t. The p a r a m e t e r  f00 = 1 = const  is excluded f r o m  considerat ion.  For  
n = 0 the p a r a m e t e r s  (9) become fkn = u k - l ( o k U / ~ x k )  zk, ident ical  with the p a r a m e t e r s  for  a s t eady- s t a t e  
boundary layer  [1, 2, 3]. 

In o rde r  to t r a n s f o r m  Eq. (6), we f i r s t  calculate  the de r iva t ives  in it. Thus, 

Ox ~ o  af~,~ ax ' 

oo 

0~ .= ~_~ O~p . Ofu. , (11) 
axan aft.on ax 

k,n.----O 

alan ah.an �9 at 

where  the der iva t ives  of the p a r a m e t e r s  with r e s p e c t  to x and t a re  found by a d i rec t  dif ferent ia t ion of ex-  
p r e s s ion  (9). We have 

a~+~u z ~+" + u ~-~ ~ .z ~+. + u ~-~ ~ (le + n)z~+n-~2 ' Of~m = ( k - -  1) Uk-2U" ax~ot~  ax~+,at, ' axial ', ax 

1 
[(,~ - -  1) Aoh. + (/~ + n) h .Uz'  + h+l,.] 

20 
(12) 

and 

afu~ _ ( k - -  1) U~-ffJ ak+nU 2 ~+n -F U k-1 ak+~+lu z ~+. + (k + n) U k-10k+"~U z~+=-x'z 
Ot Oxk Ot" axial "+ ~ a xk at" 

I [(k - -  1) foxfk. + (k + n) fk~'z + fk,,~+l]- 
2 

(13) 

where  

Using fo rmulas  (11)-(13), we t r a n s f o r m  Eq. (6) into 

r (TI, f~,,~) + D (~i, [hn) "z + E (~1, f~,~) V z " =  O, 

(1) (~, h.) B ~ o.3 "~ ' '  

, _ oh.an 

)} 
ah.all o h .  a,1 ~ ' 

k~.~.., o a~----~ 
D (TI, fk,~) = 11 Ohp (k + n) [t,~ ah.aq ' 

2 O~l" , = 

(14) 

(15) 

E (~, h . )  = ~ " a~'p (~ + n) h,~ -~-(~ " ah~a~ ah~ a~ ~ " 
2 a~l 2 , = 

In o rde r  to make Eq. (14) un iversa l ,  i t  is n e c e s s a r y  to exp re s s  the f ac to r s  z and Uz' ,  which are  func-  
tions of coordinate  x and t ime t, in t e r m s  of quanti t ies which are  explici t  functions of the p a r a m e t e r s  fkn. 
In other  words ,  the following equali t ies  

~ = =  F (fh,), Uz'  = T (tk,). (16) 

mus t  hold t rue.  
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3. Functions F and T will be de te rmined  on the bas i s  of momen tum and energy  equations,  which for  
a t r ans ien t  boundary layer  may  be wr i t ten  as 

and 

0--~-- (U6*). + ~ (U2~ **) + UU'6* - -  *_z_~ = 0 
Ot O x  p 

U26 * -k @ t  (U26"*) + Ua (6~*)' -k 3U2U'6~ * - -  2vU2e = O, 

(17) 

(lS) 

with the following designat ions:  

~*(x, 0 = 1 - --U-) @' (19) 
0 

8** (x, t) ---= --U-- 1 - dy, (20) 

0 

61 (x, t ) =  1 - - ~ -  dy, (22) 

0 

= Oy (23) 

0 

Before  de te rmin ing  the functions F and T, one mus t  somehow choose the l inear  sca le  function h(x, t) 
in expres s ions  (4). We will impose  on h(x, t) the following requ i rements~ :  

0 (U2h)= a (US*)+ 0@(U~6 **) (24) 
Ox o [  

and 

o (  o (  ,, 
U~h) = U~6 **) + U 3 (6~*)' + 3U~U ' 61 - -  2yUle. (25) 

Consider ing a s teady flow, equali ty (24) yields the conventional exp re s s ion  for the sca le  function h 
= 6**, while re la t ion  (25) becomes  t r ans fo rmed  into the ene rgy  equation for  the s teady case .  This choice of 
a sca le  in accordance  with equali t ies  (24) and (25) leads to some  fur ther  s impl i f ica t ions  and - what is 
e spec ia l ly  impor tan t  - allows the computer  calculat ion of the universa l  equation to be p r o g r a m m e d  for  an 
e a s y  t rans i t ion  to the l imit ing case  of s teady  flow. 

The momen tum equation (17) and the ene rgy  equation (18), with (24) and (25) taken into account, b e -  
come 

o (U~h) + UU'6* ~'~ - -  0 (26) 
ax p 

and 

o (U~h) = O. U ~ *  + 

Equation (26) will now be t r ans fo rmed  as follows. Resolving the der iva t ive  with r e s p e c t  to x and 
subst i tut ing for  ~'w its  value according to (21), we have 

2UU'h + U2h ' + U U ' 6 * - -  ~ Ou I = O. 
Oy /y=o 

(27) 

t An analogous method was applied by  V. V. Bogdanova in her  analys is  of a t h ree -d imens iona l  boundary 
layer .  

199 



Multiplying both s ides of this equation by h /vU ,  we obtain 

2U' . 4 -  - -  + U'~* 
v ' 2 v 

= 0  

g=O 

o r  

U 
2U'z + - -~  z' + U'zH* - -  ~ = O, (28) 

where  

H*--  , 
h 

0(5) 
(29) 

and 

On the bas i s  of (19), (3), and (4), the quanti t ies H* and ~ can be exp re s sed  as 

, _ 

"* = J" ( 1 - 5 )  a =-5-- S (' on: 
0 0 

(3o) 

= B --~-~ l (31) 

It  is evident here  that H* = H*(fkn) and ~ = ~(fkn) a re  functions of the p a r a m e t e r s  fkn (k = 0, 1, 2, 
�9 . . , n = 0 , 1 , 2  . . . .  ) only. 

It  follows f r o m  (28) and the f i r s t  equal i ty in (10) that also the quantity 

Uz' -- 2[; --[ao (2 + H*)] = F (h~) (32) 

is a function of these p a r a m e t e r s  only. We note that this exp re s s ion  is  of the same  f o r m  as the analogous 
equali ty for  a s teady boundary layer .  

With the aid of the f i r s t  equali ty in (29) and af ter  reso lv ing  the de r iva t ives  with r e s p e c t  to t, we 
t r a n s f o r m  Eq. (27) into 

r  

2 k~o OH* U h - -  fh~ -k 2UlQh -k U 2h ---- O. U~hH * + O[h~ 

Multiplying both s ides  of this equation by h/•U 2 will yield 

h 2 ~ __==____fOH* 0 h ~ hh hh .H* + � 9  = 0  
--V-- k.n'~.- 0 0th, ~ 2 U v 

or, taking into cons idera t ion  the second equali ty in (10), 

H * .  '~-~ OH* ; 
- U  z + Z~__o O-~S zrh- + 2h~ 

Finally, using equality (13), we have 

z = - 2  

+ i - - ~  = O. 

2]'ol + ~ [(k-- 1) J:olfk,, -I-- f~,,~§ O H *  

k,n~O 

" - ~  OH* , .  
H* + 1 -t- 2 . ~  ~ (re + n) fh~ 

R,n~---u 

= T (fhn)- (33) 
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The quant i ty  T(fkn) , just  as F{fkn), is a funct ion of the p a r a m e t e r s  fkn only. 

In this way, we have proved  the ex i s t ence  of equal i t ies  (16). It is  no tewor thy  that  Eqs .  (32) and (33) 
a re  not compat ib le .  This  i nexac tnes s  is  p e r m i s s i b l e ,  however ,  as  far  as the method is approx ima te .  

A c c o r d i n g  to (15), (32), and (33), Eq. (14) b e c o m e s  

0n* L 

x O,~on os176 of~,~ 0~__%0n ~ + [(k + n) Th~ + (k-- 1) fo~h~ + h,~+l] ~ j .  

Nei ther  the ve loc i t y  at the edge of the boundary  l ayer  nor  its de r iva t ives  appear  in the las t  equa -  
t ion and, t h e r e f o r e ,  i t  m a y  be cal led a u n i v e r s a l  equation.  The boundary  condi t ions  a re  a lso  un ive r sa l ,  
i .e . ,  they a r e  

09 09 q~ -- -- 0 at ~l = 0; -+ 1 at n -+ oo, 
on 0n 

q) = 90 (n) at f ~  = 0 (k = 0,  1, 2 . . . .  ; n -~ 0,  1, 2 . . . .  ). 

(34) 

(35) 

Func t ion  r is the Blas ius  so lu t ion  f o r  a s t eady  boundary  l ayer  at a plate.  If all fkn p a r a m e t e r s  
a re  a s s u m e d  equal  to ze ro ,  we have the equa t ion  

039o + ~o 0290 : 0, 
0~13 -B  T % 0~2 

which  b e c o m e s  the we l l -known Blas ius  equat ion  for  B 2 = ~0- It  fol lows f r o m  here ,  among  o the r s ,  that  the 
n o r m a l i z i n g  cons tan t  B in Eq. (34) should be taken as equal  to 0.470. 

Since Eq. (34) and the boundary  condi t ions  (35) a re  independent  of any pa r t i cu l a r  ve loc i t y  d i s t r i bu t ion  
U(x, t) along the outer  edge of the boundary  l aye r ,  this equat ion  m a y  be in tegra ted  once and for  all. In  the 
p r o c e s s  of such  an in t eg ra t ion  one d e t e r m i n e s  the d i m e n s i o n l e s s  p rof i l es  a c r o s s  t r a n s v e r s e  sec t ions  of 
the boundary  l aye r ,  the r e f e r r e d . c o e f f i c i e n t  of f r i c t i on  ~, and the c h a r a c t e r i s t i c  quant i t ies  H*, H**, F, T 
- all as funct ions  of the fkn p a r a m e t e r s .  

4. We have analyzed  Eq. (34) in the local  t w o - p a r a m e t e r  approx imat ion ,  n a m e l y  in t e r m s  of p a r a m -  
e t e r s  fl0 and f01- In this v e r s i o n  we a s s u m e d  all p a r a m e t e r s  except  these  two to b e  equal  to ze ro .  F u r t h e r -  
m o r e ,  the de r i va t i ve s  with r e s p e c t  to those p a r a m e t e r s  w e r e  a l so  a s sumed  equal  to ze ro .  Thus ,  the fo l -  
lowing equat ion  had to be in tegra ted :  

/ 0~13 ~ 2B 2 9 - -  + ~1 - -  + 1 - -  + 1 - -  -= O, (36) 

w h e r e  

with the bounda ry  condi t ions:  

F---- 2 [~--[ io(2 + H*)], 

T = 4f~ 
H * + I  

(37) 

0__~ = 0 at ~ = 0; 0(9 --~ 1 when "q -~ c~, 
9 = 0~] an 

9 = % 0]) at fo, ~/1o = 0. (38) 

Unfor tuna te ly ,  the cons ide rab l e  complex i ty  of the non l inea r  d i f fe ren t ia l  equat ion  (36) m a k e s  it i m -  
p o s s i b l e  to quant i ta t ive ly  e s t i m a t e  the e r r o r  i n c u r r e d  by the e l imina t ion  and by the loca l i za t ion  of p a r a m -  
e t e r s .  T h e r e f o r e ,  the su i tabi l i ty  of any app rox ima t ion  can  be a s s e s s e d  only af ter  the so lu t ion  has been  ob-  
tained.  A c o m p a r i s o n  of t heo re t i ca l  ca lcu la t ions  based  on a spec i f i ca l l y  g iven ve loc i t y  d i s t r ibu t ion  along 
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c)tO 

-o,y -o,z -at o o,t o,g -o,s ~ z  -o/ o 

8, ~ t  + 

-o? -~z -o,t o o~ o,z 5o 

%'3 
Ct q 2 - o Z ~ z - o , t  o o,t ~ & 

ca - I 
tyog._..~ 
~ts,k I ~ZOl---4. 

-c3  

Fig. 1. The r e f e r r e d  coeff icient  of f r ic t ion  and the c h a r a c t e r -  
i s t ic  quanti t ies  as functions of the p a r a m e t e r s  (the values  of 
f0t a re  indicated next to the curves) .  

the outer  edge of a boundary layer  with calculat ions based on other methods and with exper imen ta l  data  will 
yield the in format ion  concerning the accu racy  of the approximat ion.  

Equation (36) has been solved by the t r i a l - a n d - e r r o r  method with i te ra t ions ,  using the schedule of 
d i f fe rences .  The s tep along va r i ab le  ~7 Was AT = 0.05 with m = 121 nodes. The s tep for  p a r a m e t e r  f0i was 
Af01 = +0.01 and the s tep for  p a r a m e t e r  fl0 was also Aft0 = ~0.01, but the l a t t e r  s tep was reduced to one 
tenth of that as the sepa ra t ion  point was being approached.  

The essen t i a l  r e s u l t s  of calculat ions pe r fo rmed  on the Bt~SM-2 compute r  a re  shown graph ica l ly  in 
Fig. 1. 

We note that functions ~(fl0), H*(ft0), H**(ft0), and F(fl0) at f0t = 0 cor respond  to the solution to the 
i 

s t eady- s t a t e  p rob lem in the local s i n g l e - p a r a m e t e r  approximat ion.  The ~(fl0, f0t) graphs  show the s t rong 
effect  of the t r ans i ency  p a r a m e t e r  f01 on the f r ic t ion  dis t r ibut ion and, especia l ly ,  on the posit ion of:the 
sepa ra t ion  point in the boundary layer .  As this p a r a m e t e r  is  made l a rge r ,  the amount of f r ic t ion  i n c r e a s e s  
and the separa t ion  point shifts  toward l a r g e r  absolute values  of the negative p a r a m e t e r  ft0. This  means  
that a posi t ive local acce le ra t ion  draws out the sepa ra t ion  point of a boundary layer  in the di f fuser  reg ion .  
A negat ive local  acce le ra t ion  fac i l i ta tes  a discontinuity in the s t r eam:  separa t ion  occurs  at a lower ab-  
solute value of the negative p a r a m e t e r  fl0, i .e . ,  in a less  d i f fusory  s t r e a m  than in the case  of s teady  flow. 
Upon examinat ion  of the ~(fl0) curve,  we see  that with f0J = - 0 . 0 2  the s t r e a m  may  sepa ra t e  during a de-  
ce le ra ted  flow even at a plate,  which ag rees  with the r e su l t s  obtained Struminski i  [5]. 

In o rde r  to solve a speci f ic  p rob lem with a given veloci ty  dis t r ibut ion U(x, t), one mus t  de t e rmine  
the quantity z(x, t ) s o  that the values  of p a r a m e t e r s  f01(x, t) and ft0(x, t) become  known and, consequently,  
a lso the ve loc i ty  prof i les  u(% x, t) and the f r ic t ion  ~(x, t) in accordance  with the solution to the un iversa l  
equation. In our case  we will proceed as follows. We will s eek  the solution to the momen tum equation (17), 
using the se t  of veloci ty  p rof i l es  and the cor respondingly  cha r ac t e r i s t i c  functions obtained when the uni-  
v e r s a l  equation was being integrated.  If we d i s r e g a r d  the de r iva t ives  with r e s p e c t  to the p a r a m e t e r s  and 
cons ider  that f01 = (f-l/UU')fl0, then the momen tum equation can be r ewr i t t en  as an equation in the unknown 

fl0: 

+++ ++ [ (  )1 H* Of~o + _ _  - U'~ + f~o H* U' ' I UU" 
2 Ot 2 Ox 2U' -----U- + H * *  ~ ' -~0~--2U'  �9 

Applying this equation to the c r i t i ca l  point at the tail  end of a c i r cu l a r  cyl inder ,  with the ve loc i ty  
U(x, t) = 2V0tsin (x / r )  (r is the cyl inder  radius) at the outer  edge of the boundary layer ,  we have been able 
to de t e rmine  approx imate ly  the instant  when sepa ra t ion  begins: t s = 0.95~r~/V0 . The coefficient  of the 
square  roo t  had in this pa r t i cu la r  approximat ion  a 5-6% lower value than in the exact  solution by Blas ius .  
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NOTATION 

are the longitudinal and transverse coordinate in the boundary layer; 

is the time; 
is the dimensionless transverse coordinate; 

is the velocity at the outer edge of the boundary layer; 
is the flow function; 
is the dimensionless flow function; 
are the projections of the velocity in the boundary layer on the x and y axis, respectively; 
is the density of the liquid; 
are the dynamic and kinematic viscosity; 
is the scale function for the transverse coordinate in the boundary layer z = h2/y; 
are the characteristic functions; 
is the displacement thickness; 
is the 
is the 
is the 
is the 

i s  the 
is the 
is the 
is the 

momentum thickness;  
energy  thickness; 
s t r e s s  due to surface friction; 
r e f e r r ed  coefficient of friction; 
dissipation function; 
normaliz ing factor ;  
dimensionless  pa ramete r s ;  
cylinder radius.  
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